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What is a plasma?
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‣ Plasma is a quasi-neutral ionised gas formed by an approximately 
equal number of electrons and ions

‣ Over 99% of the visible Universe is in the plasma state

‣ Most (or all) molecular bonds are broken 

‣ In a way, plasma is an “already destroyed” material 

‣ This allows very strong fields to exist in plasmas - the fields that 
would destroy any other material

Credit: NASA
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 What happens in a plasma in the presence of extreme fields? 

‣ relativistic particles

‣ radiation reaction 

‣ hard photon emission

‣ e+e- pair production

‣ QED cascades 

‣ EM field depletion by self-created plasma
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Where can these plasmas exist? 

When intense lasers 
interact with matter
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traps…) and the in-house know-how for massively parallel simulations of plasmas, efficiently scalable to top 
supercomputers of today [29].  

A number of experimental facilities worldwide have shown interest in this area of research, by putting it on their 
scientific agenda. The most important centres are listed in Fig. 1. Many configurations which combine electron, 
photon and laser beams will allow to probe a wide range of interaction regimes related to SPARCLE.  

 
Figure 1: (Up) Generation of electron-positron pairs in a laser-electron collision. This simulation is from the design study I 
performed for the L4 laser beamline pertaining to Extreme Light Infrastructure pillar ELI Beamlines in Prague. The picture 
was selected for the official poster for the 45th European Physical Society Conference on Plasma Physics, held in July 2018. 
(Down) A list of facilities whose science programme is aligned with the goals of SPARCLE and which are interested to 
perform related experiments.  

 
a.2: Main objectives 

The objectives of SPARCLE are directed towards obtaining energetic particles and photons using extremely 
intense laser technology interacting with plasmas. An outstanding challenge is to create and accelerate 
positrons, which requires a paradigm shift compared to the well-established schemes for electron acceleration. 
Another challenge, creating and accelerating electron-positron-photon beams may be even harder as 
electrons and positrons are oppositely charged, which means that a field cannot be accelerating for both at the 
same time. One has to exploit unusual and judicious configurations where the opposite charge particles do not 
experience locally identical conditions, but the time-averaged interaction with the field allows all accelerated 
particles to propagate in the same direction. Direct laser acceleration (DLA) is a potential scheme that can 
provide this, when the particles are injected in a favourable laser phase to gain energy. How to control this 
injection is by itself a big research question. The most promising direction, to overcome the predicament of 
trying to overlap the two beams, is to create particles themselves in the region of strong field [30]. An electron-
positron-photon beam would naturally be generated in the right location within the laser field to allow 
acceleration. To obtain high charge, we need to study the different configurations to obtain abundant number 
of pairs with lasers, which amounts to the study of seeding for QED cascades. The results coming from this 
research can benefit another goal of SPARCLE: to generate enough electron-positron pairs to constitute a 
pair plasma. Finally, all these processes involve high-energy leptons immersed in a strong field, which naturally 
emit flashes of very energetic photons. The frequency range depends on the energy of the leptons and the 
strength of the background field, but we can expect a large fraction of emission to be in the hard X-ray or 
gamma-ray range. Other radiation properties also change according to the interaction geometry and the source 
size, which opens an extraordinary opportunity to construct tunable radiation sources in laboratory. Plasma 
based radiation sources hold an astounding potential for applications [11], and a related goal of SPARCLE is to 
evaluate the relevant properties of emitted radiation for every configuration we study while pursuing other 
goals. Due to the importance of its findings, this goal itself could warrant a separate ERC proposal. Instead, it 
represents the contingency plan of SPARCLE to profit from all simulations performed while pursuing other 

In magnetospheres of 
neutron stars

Image: Dana Berry / NASA

Image: Marija Vranic, European Physical Society Conference official poster 2018

Around black holes

Image: Event Horizon Telescope 
collaboration, M87 / NASA
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Why should we care? 

‣ What is the maximum allowed field before the breakdown 
of the vacuum?                                                      

‣ Can we make particle acceleration in plasmas better with 
extreme laser intensities? Are there paradigm shifts? 

‣ Can we transform cascades to positron sources? Maybe 
they could serve as injectors for electron-positron 
colliders?

‣ Can we construct tunable radiation sources, with high 
conversion efficiency ranging all the way to gamma-rays? 

specifically, the layer comprised a core associated with the
highest plasma density where the original standing wave is
severely depleted and a surrounding area with near critical
density where portions of progressive and standing waves
(due to reflection) still exist. We show in Fig. 6 the momen-
tum phase space of the electrons around the absorption
zone for a0 ¼ 1000 and a0 ¼ 2000. One notices the strong

correlation between the typical pattern observed in the mo-
mentum phase space and in the radiation map which is due
to the beaming effect of the radiation coming from ultra
relativistic particles. The additional cross pattern seen in
Fig. 6 for a0 ¼ 2000 is the signature of the copious amount
of pairs quivering in the portions of progressive waves
which also lead to the emission of energetic photons. The

FIG. 5. Angular distribution of the emitted radiation. 3D photon radiation maps from 3D simulations for (a) a0 ¼ 1000 and (b) a0 ¼ 2000 at t ¼ 85 x"1
0 . The

radius from the centre of the box and colour are proportional to the amount of energy radiated per unit solid angle. (c)–(h) Polar radiation maps from 2D simu-
lations, all collected at t ¼ 90 x"1

0 . Radius is proportional to the amount of energy radiated per unit azimuthal angle. Dark blue line corresponds to the photons
above 2 MeV, while red is for the photons above 100 MeV.

056706-8 Grismayer et al. Phys. Plasmas 23, 056706 (2016)
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through Compton scattering. Recent milestone all-optical experiments scattered electrons with lasers at 180 
degrees, and demonstrated the potential of the state-of-the-art laser technology to generate x-rays and γ-rays23–27. 
A recent review on laser-wake!eld acceleration-based light sources can be found in ref.28 and the most recent 
results on multiphoton "ompson scattering in ref.29. All these experiments were performed below the radiation 
reaction dominated regime, because the overall energy radiated by the interacting electrons was small compared 
with the initial electron energy. More recent experiments show !rst evidence of electron slowdown30,31 on the 
order consistent with the classical radiation reaction predictions for scattering an electron bunch and a laser 
pulse32. By using more intense laser pulses (I 10 W/cm22 2∼ ) or more energetic electron beams, we will soon be 
able to convert a large fraction of the electron energy into radiation and access the regime of quantum radiation 
reaction33–40. "is is expected in the next few years, as 4 GeV electron beams have already been obtained using a 
16 J laser41 and the next generation of facilities is aiming to achieve laser intensities I > 1023 W/cm2. In such 
extreme conditions, the energetic photons produced in the scattering can decay into electron-positron pairs42.

Here we propose a con!guration that allows to both create and accelerate an electron-positron beam. An 
intense laser interacts with a relativistic electron beam at 90 degrees of incidence (setup is illustrated in Fig. 1). 
"e pair production e$ciency here is slightly lower than in a head-on collision. However, in a head-on collision 
the energy cuto% of the electron-positron beam is limited to the initial energy of the interacting electrons, while 
at 90 degrees this is not the case. At 90 degrees of incidence, if generated with a low energy, new particles can 
be trapped and accelerated in the laser propagation direction. If the created particles are very energetic, they 
continue emitting hard photons to further feed the pair creation. Once their energy is low enough to be trapped, 
they rapidly develop a momentum component parallel to the laser propagation direction that supresses the quan-
tum interaction. "e creation and the acceleration phase are therefore decoupled. Due to the laser defocusing, 
the trapped particles remain in the laser !eld only a fraction of a full oscillation cycle. "is limits the maximum 
energy they can attain, but allows for a net energy transfer in vacuum that would otherwise be impossible. We 
have developed a predictive analytical model for the energy cuto% of the electron-positron &ow generated in the 
electron-laser scattering. Our theory is supported by full-scale 2D and 3D particle-in-cell (PIC) simulations, 
where the quantum processes are modelled via an additional Monte-Carlo module. We show that this setup pro-
duces a neutral electron-positron &ow that can reach multi-GeV energies. "e &ow has a divergence of about ~30 
mrad. A distinguishing aspect of this scheme is to produce at extreme intensities an equal number of electrons 
and positrons that can be separated from the initial electron beam. "e original electrons are, in fact, re&ected 
before entering the region of the highest laser intensity where most pairs are created. As a result, the pairs and the 
earlier re&ected electrons move in slightly di%erent directions and can be collected separately.

Results
��������������������������������������Ǥ� Laser intensity, electron energy and their relative angle of 
incidence determine whether classical or quantum processes dominate the laser-electron interaction. One way to 
quantitatively distinguish between the two regimes is through a Lorentz-invariant dimensionless parameter χe, 
that is formally de!ned as43

χ = µ
µνp F E mc( ) /( ) (1)e c

2

Here, Ec = m2c3/(ħc) is the critical !eld of electrodynamics that can perform a work of mc2 over the Compton 
length (and can spontaneously create electron-positron pairs in vacuum), Fµν is the electromagnetic tensor, m, pµ 

Figure 1. Setup. (a) Perpendicularly moving electron beam interacts with the laser at the focus and creates 
new pairs; (b) Some electrons and positrons obtain a momentum component parallel to the laser propagation 
direction and start getting accelerated; (c) "e laser defocuses shutting down the interaction; this leaves the 
particles with the net energy gain from the laser. (d) A fraction of the accelerated electrons and positrons 
distributed within the momentum space.

M. Vranic et al, SciRep (2018) 

There are both fundamental and practical open questions

T. Grismayer et al, POP (2016) 

M. Vranic et al, PPCF (2018) 
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Facilities and orders of magnitude…

 Ultra intense Laser Facilities  Which intensity?

Apollon 2 lasers 
10 PW (150 J) 
1 PW (15 J)

ELI 
beamlines : 3 lasers
2 ×1 PW & 10 PW (1kJ)
NP: 10 PW & !-ray beam

CoReLS 
1 laser of 4 PW (100 J)

Pulse duration : 20-150 fs
Wavelength ~ 1 μm
Intensity ~1021 - 1024 W/cm2

Extreme acceleration regime

a0 =
eE0

m!c

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

a0 ⇠
q

I[1018 W/cm2]�2
[µm]

‣ non relativistic 

‣ weakly nonlinear, relativistic 

‣ relativistic, nonlinear  

‣ quantum

classical nonlinear parameter 

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

ZEUS
3 PW (80 J) & 0.5 PW (15 J)
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O i ir ss
4.0

Open-access model 
· 40+ research groups worldwide 

are using OSIRIS
· 300+ publications in leading 

scientific journals
· Large developer and user 

community
· Detailed documentation and 

sample inputs files available

Using OSIRIS 4.0
· The code can be used freely by 

research institutions after 
signing an MoU

· Find out more at:

Ricardo Fonseca: ricardo.fonseca@tecnico.ulisboa.pt

OSIRIS framework
· Massively Parallel, Fully Relativistic  

Particle-in-Cell Code 
· Parallel scalability to 2 M cores
· Explicit SSE / AVX / QPX / Xeon Phi / CUDA support
· Extended physics/simulation models

http://epp.tecnico.ulisboa.pt/

mailto:ricardo.fonseca@ist.utl.pt?subject=
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Radiation reaction in classical electrodynamics
Highest value is obtained for relativistic particles counter-propagating with a laser

A. Di Piazza et al., Rev. Mod. Phys., 84, 3 (2012)

  Non-relativistic radiation reaction 

P =
2

3

e2

c3
a2 Frad =

2

3

e2

c3
ȧ

!0 ⇠ �2!

a0 =
eE0

m!c

p? = a0mc

↵�2 E

ES
⇠ 1

I > 1022W/cm2

dp

dt
= FL � 2

3

e4�

m3c5
p(E? +

p

�mc
⇥B)2

 Relativistic motion and high field

 Self-consistent solution given by coupling Maxwell’s eq. and Lorentz force

‣ ultra-relativistic limit of Landau & Lifshitz                                                 

‣ frequency emitted 

‣ classical nonlinear parameter 

‣ transverse momentum

   for laser-solid

  Radiation dominated regime
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy
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LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

ES =
m2c3

e~
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Threshold for QED processes is attainable with lasers

 First QED processes                            

Credit: M. Lobet, B. Martinez

Non-linear Compton emission Non-linear Breit-Wheeler pair creation EM trident pair creation

ES =
m2c3

e~

 Schwinger critical field
‣ Field strong enough to spontaneously create e+e- pairs from vaccuum

‣ Field srong enough to transfer one mc2 of energy to leptons over one Compton wavelength

‣ A laser with E0 = ES would have I~1029 W/cm2

‣ Relativistic particles can feel ES in their rest frame even at I~1022 W/cm2
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 What new features are needed for plasma modeling? 

where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction    
‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes
‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

Adding performance improvements (particle merging, advanced 
load balancing schemes)
‣ Essential for all the projects with strong QED effects

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 

M. Vranic et al., CPC (2015)
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Classical radiation reaction 

PARTICLES

GRID

Integration of equations of motion: 
moving particles

Integration of field equations: 
updating fields

Deposition:                            
calculating current on grid

Interpolation:                            
evaluating force on particles

Fp � up � xp

(E,B)i � Ji

(E,B)i � Fp (x,u)p � ji
�t

One can replace the Lorentz force in the particle pusher with the Landau & Lifshitz equation of motion (or similar*)
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2.2 Particle-in-cell method 15

Fields

Particles

FIGURE 2.2: Simulation grid. Informations about fields are saved in the grid corners, and then
when needed interpolated to particle positions.

2.2 PARTICLE-IN-CELL METHOD

Particle-in-cell (PIC) codes are a powerful simulation tool that can take full advantage
of world’s leading high-performance parallel computing systems. Most simulations
in this thesis are performed with OSIRIS framework [52], that has been shown to run
efficiently on systems as with as many as 105 � 106 cores [101]. In this chapter, we are
describing the core PIC technique, while some additional features specially added as
a part of this PhD project will be introduced later.

The PIC method relies on relativistic Maxwell equations (2.1)-(2.4) for field evo-
lution, coupled with Lorentz force to advance the charge density. This is a fully self-
consistent model that starts from first principles and conserves the energy and mo-
menta throughout the simulations.

In PIC codes, particles can explore the full 6D phasespace, while the fields are con-
fined on a grid (see Fig. 2.2). The Maxwell’s equations are solved at grid points, from
where the fields later can be interpolated to any particle location. This is a great ad-
vantage for simulating large number of plasma particles compared to particle-particle
methods where the order of complexity scales with the square of the number of parti-
cles in the system N2

p . In PIC, the Couloumb interaction between particles is mediated
by the grid, which reduces the algorithm complexity to ⇠ Np.

The outline of a standard PIC algorithm [102] is given in Fig. 2.3. First, we in-
terpolate the fields from the grid to the particle positions. In this step, field values
in several nearby grid points are weighted — the number of grid points concerned
and their weights depend on how far the particle is from a specific grid point and if

O i ir ss
4.0
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Table 1. Equations of motion with radiation cooling: FL - Lorentz force;
p, e, m - particle momentum, charge and mass, � - relativistic factor; E,B
- electromagnetic fields, c - speed of light, t - time.
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Fig. 6. Convergence map for different time steps at (a) high and (b) low intensities. Convergence map for (c), (d) dt = 0.05, (e) dt = 0.1, (f) dt = 0.025, with and without
accounting for radiation reaction. Colour legend for both (a) and (b) is presented in panel (b), while for (c)–(f) it is presented in panel (c). The laser pulse duration was 30 fs
('56.5 !�1

0 ), and total simulation time for all simulations Ttotal = 104 !�1
0 . Below a0 = 100, the convergence does not depend on whether radiation reaction is included or

not. Below a0 = 5, the standard condition (dt = 0.2–30 points per laser period) is enough. For higher values, the most limiting case is laser in a cold plasma—the interaction
of ultra relativistic particles can still be modelled with dt = 0.2. The difference in the regions with higher values of a0 with and without radiation reaction can be attributed
to the particle energy loss that lowers the effective p of the particle. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Table 2

Computational cost for each RR model.

Model Overhead Added quantities

B08 1 0
LL 4.5 6 per grid point
S09 2 0
H08 1.5 3 per particle
F93 2 3 per particle
LLR 2 0

the amount of communications related to the exchange of field
values near the boundary between the neighbouring nodes.

The additional computational cost is summarised in Table 2. The
models that do not require any additional memory (B08, S09 and
LLR) also have low overhead in terms of flop.

Therefore, any of these threemodels can be introducedwithout
affecting significantly the performance of a PIC code. We chose the

LLR model and implemented it in OSIRIS pusher with the fourth-
order Runge–Kutta integration method.

7. Conclusions

We have compared different approaches to include classical
radiation reaction in a PIC code. Out of the numerous models
available in the literature, we chose a subset compatible with
the standard PIC algorithm and compared their performance in
modelling the electron motion in physical scenarios of interest.

The first test was on the electron motion in a constant B-field
(i.e. synchrotron), where all themodels gave the same results, with
a minimal departure of B08 at extremely high fields (B ' 0.1 BC ).
Interaction of electrons with a counter-propagating laser pulse
(both for circular and linear polarisation) also did not show any
appreciable distinction between the models. This is not surprising,
because for relativistic electrons the leading order term in the

Convergence criteria for simulating these trajectories depend on whether the radiation damping is strong or not

Converged for all
Not converged with radiation damping
Not converged with or without damping
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

M. Vranic et al., PRL 113, 134801 (2014)
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

Accelerated 
electrons

X-ray 
detector

LWFA in bubble regime Second laser 
I ~ 1021 W/cm2 

Setup

                                 

Initial e- spectrum

I ~ 4x1021 W/cm2 

I ~ 1021 W/cm2 

The electrons lose energy in the emission

Marija Vranic | DF EoI Colloquium | IST, March 9, 2022
 

M. Vranic et al., PRL 113, 134801 (2014)
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For highly relativistic beams, most of the energy comes from the electrons (rather than the scattering laser)

How much energy can be converted to photons in a
laser - electron beam scattering?

Relative energy loss as a function of electron initial energy and the laser 
intensity (30 fs lasers)
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How do we connect the physical picture of classical vs. QED RR?
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re=0.1 QED

re=0.1 classical

re=1 QED

re=1 classical

A. Di Piazza et al., Rev. Mod. Phys., 84, (2012)
F. Mackenroth & A. Di Piazza, 84, 032106 PRA (2011)

Ratio of critical frequency to particle energy:     

     

QED: probability of emitting a photon per unit of time per 

in strong field, particle emit QED synchrotron like spectrum
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62 QED radiation reaction and cascades

The same ideas can be applied to study the changes of the electron distribution
while emitting photons in a laser field, provided that each photon carries a small frac-
tion of electron energy in a single emission. In the beginning, we assume a Gaussian
electron beam distribution with an average ce ⌧ 1 and a narrow energy spread. Un-
der the assumption that the electron beam is relativistic, and that the photons are
radiated in the direction of motion, the problem is reduced to one dimension. The
transport equation then reads:

∂n(t, p)
∂t

=
Z d2P

dt dk
n(t, p + h̄k) dk �

Z d2P
dt dk

n(t, p) dk (3.18)

with the drift and diffusion coefficients:

A =
Z

h̄k
d2P

dt dk
dk, B =

Z
(h̄k)2 d2P

dt dk
dk. (3.19)

However, the emission probability is given by Eq. (3.9) as a function of cg, there-
fore we proceed to the change of variables using cg/ce ⇡ k/p which is a consequence
of the collinearity of the electrons and the emitted photons. We then get

A =
gmc
ce

Z ce

0

d2P
dt dcg

cgdcg, B =
(gmc)2

c2
e

Z ce

0

d2P
dt dcg

c2
gdcg. (3.20)

For cg/ce ⌧ 1 the emission rate (3.9) becomes:

d2P
dt dcg

⇡ amc2
p

3ph̄gce

Z •

c̃
K5/3(x)dx (3.21)

where c̃ = 2cg/(3ce(ce � cg)) ⇡ 2cg/(3c2
e ). The drift coefficient then becomes

A =
amc2

p
3ph̄gce

9
4

c3
e gmc

Z 2/(3ce)

0
dc̃ c̃

Z •

c̃
K5/3(x)dx (3.22)

where for ce ⌧ 1 we have 1/ce ! •. A family of such integrals can be evaluated
according to [113]:

I(µ) =
Z •

0
yµ+1dy

Z •

y
K5/3(x)dx =

2µ+1

µ + 2
G
✓

µ

2
+

7
3

◆
G
✓

µ

2
+

2
3

◆
. (3.23)

For µ = 0 we get the value of integral that appears in Eq. (3.22): I(µ = 0) = 4 ⇥
2p/(9

p
3). The drift coefficient for the relativistic electrons then becomes:

A ⇡ 2
3

am2c3

h̄
c2

e . (3.24)

Similarly, using I(µ = 1) = 55 ⇥ 2p/162, we obtain the diffusion coefficient:

B ⇡ 55
24
p

3
am3c4

h̄
g c3

e . (3.25)
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examples is shown in figures 3.4 and 3.5.

The analysis of the beam spectral width evolution through the interaction time
confirms the previous assumption: the first effect of the interaction is to broaden the
spectrum to a certain value. If the laser is short enough, the spectrum stays broad.
However, if the laser used is longer, then there is a specific point in time where the
spread starts decreasing.

To obtain more information about the evolution of the electron beam spectra due
to photon emission, we will perform a procedure similar to the one in [2] where a
Fokker-Planck-like equation is used to describe the electron distribution function in
time. The Fokker-Planck equation [139] describes the distribution function of a di-
luted heavy gas surrounded by light gas particles in equilibrium. In this situation,
the collisions between heavy particles are negligible (there is a lower concentration of
heavy than light particles), and the distribution changes exclusively through individ-
ual collisions with light particles. Each collision results in a small change of the heavy
particle momentum, but many collisions can eventually cause a notable change in the
distribution function of the heavy particles. Let w(~p,~q)d3~q denote the probability per
unit time of a change ~p ! ~p �~q of the momentum of a heavy particle ~p in an indi-
vidual collision with a light particle. The transport equation for the heavy particles
distribution function f (t,~p) is then given by:

∂ f (t,~p)
∂t

=
Z

[w(~p +~q,~q) f (t,~p +~q) � w(~p,~q) f (t,~p))] d3~q (3.14)

where the right-hand side is the difference between the number of particles per unit
time that enter and leave the given momentum space element d3~p. Since the proba-
bility w(~p,~q)d3~q decreases rapidly with increasing~q (according to the assumption that
each collision results in a small change momentum ~p), the integrand can be expanded
in the following way:

w(~p +~q,~q) f (t,~p +~q) ⇡ w(~p,~q) f (t,~p) +~q
∂

∂~p
[w(~p,~q) f (t,~p))]

+
1
2

qaqb
∂2

∂pa∂pb
[w(~p,~q) f (t,~p))] (3.15)

where indexes a and b denote different spatial components. The transport equation
(3.14) then becomes

∂ f
∂t

=
∂

∂pa


Aa f +

1
2

∂

∂pb
(Bab f )

�
(3.16)

where
Aa =

Z
qaw(~p,~q)d3~q, Bab =

Z
qaqbw(~p,~q)d3~q (3.17)

represent the diffusion and drift coefficients respectively.

Transport equation

Average classical “drift" Stochastic QED "diffusion"

V. N. Baier & V. M. Katkov, PRA (1967), N. Neitz & A. Di Piazza, PRL (2013),  D. G. Green et al, PRL (2014), 
S. Yoffe et al, NJP (2015), M. Vranic et al, NJP (2016), C. Ridgers et al, JPP (2017), F. Niel et al, PRE (2018) 
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in a circularly polarised wave which is in agreement with [25]. By neglecting di↵usion

and assuming an initial Gaussian distribution for the electrons with initial standard

deviation �0 and initial mean energy �̄0, the authors in ref. [27] have shown that if

�0 ⌧ �̄0, the distribution remains approximatively Gaussian with an e↵ective standard

deviation

�(t) =
�0

(1 + 2↵rr�̄0t)2
, (9)

which is expressed for a quasi-monoenergetic relativistic electron beam as ��0/�� =

(�0/�)2 [21]. It is not straightforward to rigorously expand this result to account for the

di↵usion term contribution. However, if now we assume that the drift is negligible (i.e.

the average energy remains constant over a period of time �̄ ' �̄0), we obtain the usual

di↵usion equation where we perform the change of variables p ' mc�

@f

@t
=

B(t, �̄0)

2m2c2

@2f

@�2
. (10)

In the case of a Gaussian distribution, the standard deviation evolves as

�(t) = �0

✓
1 +

1

�2
0m

2c2

Z t

0

B(t0)dt0
◆1/2

. (11)

It is therefore clear from Eq. (9) and Eq. (11) that there is a competition between the

drift that tends to shrink the distribution width whereas the di↵usion tends to increase

it. For an infinitesimally short period of time dt, the change of the distribution width

at a time t due to the drift is given by di↵erentiating Eq. (9)

d�1 = ��(t) 4↵rr�̄(t)dt (12)

and the change due to the di↵usion is obtained in a similar manner by di↵erentiating

Eq. (11)

d�2 = �(t)
B(t)

2�(t)2m2c2
dt. (13)

We are now able to compute the total change of the electron distribution width within

an interval dt:

d� = �(t)


B(t)

2�(t)2m2c2
� 4↵rr�̄(t)

�
dt. (14)

A direct integration of the Eq. (14) is not possible because the variables cannot be

separated. The expression from [27] can be retrieved by approximating �(t) = �0 in

the term within the squared brackets in Eq. (14) and then integrating in time. The

authors in [27] have shown that their expression is valid for ↵a0(�̄0/�0)2�2
e⌧ ⌧ 1 (⌧

being the total laser interaction time). Notwithstanding we have not considered here

the term proportional to �3
e coming from the purely quantum correction [27, 13] to the

drift coe�cient since this correction is only valid for �e ⌧ 16/55
p

3 ' 0.17, and for

�e > 0.17 it would give rise to an unphysical positive drift.

We would like to compare the predictions of Eq. (14) with simulation results in a

regime with �e ⌧ 1, in a wave with a constant amplitude. A simulation starting with

Electron beam energy evolution with standard deviation 
as a margin

Evolution of the electron distribution function can be described through Fokker-Planck equation
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in Eq. (14) are of the same order, which renders the equation unintegrable. However,

we can estimate an upper boundary for �F by assuming that at the central point of the

laser (at the point of peak intensity) the electron beam is close to the balance between

the drift and di↵usion, i.e. �2
M ⇡ (2.4/�[µm]) ⇥ 10�6�3

Ma0, where �M is the average

Lorentz factor of the electron beam in the central laser point. As �M is easy to calculate

(see [20, 25, 52, 53, 54]), we can retrieve an explicit expression for �M as a function of

laser intensity and duration, and initial electron energy. Beyond this point, the energy

spread slowly decreases, and the final electron energy spread �F is smaller than �M .

This yields

�2
F . 1.455⇥ 10�4

p
I22

�3
0

(1 + 6.12⇥ 10�5�0 I22 ⌧0[fs])
3 , (17)

where I22 = I [1022 W/cm2] and a0 = 0.855
p

I[1018 W/cm2]�[µm] for linear polarisation

and a0 = 0.855
p

I[1018 W/cm2]�[µm]/
p

2 for circular polarisation. It is worth noting

that the result presented in Eq. (17) does not depend on the laser polarisation, but

solely on intensity and duration.

Figure 6 a), b) shows the estimate given by Eq. (17) compared with the simulation

results. Even though the lasers in our simulations are not Gaussian, we obtain a

satisfactory agreement for the same ⌧fwhm. Panels c) and d) show the predictions for the

final energy spread according to Eq. (17) for electron beams starting at di↵erent initial

energies after interacting with a 30 fs and a 100 fs laser of 2 ⇥ 1021 W/cm2 intensity.

These laser durations are to be available in the near-future laser facilities such as ELI

[1], so there is a possibility to verify this model in the next few years.

4. Electron beam divergence

In addition to the electron energy spread, we can also evaluate the impact of the laser

interaction on the electron beam divergence. We define the weighted average of the

deflection angle from the main propagation direction as

tan ✓ =

PN
i=1 qi

⇣
p?
pk

⌘

iPN
i=1 qi

, (18)

where N is the total number of simulation particles, qi is the charge weight of the i-

th particle, and (p?/pk)i is the ratio of the transverse to the longitudinal momentum

with respect to the direction of laser propagation. For small angles, tan ✓ ' ✓, and the

average divergence shown in Fig. 7 is determined with this approximation (the error is

less than 1 mrad).

Figure 7 shows the evolution of the electron bunch divergence as time progresses.

Classically, the radiation reaction leads to momentum phasespace contraction

proportionally in transverse and longitudinal direction. According to the analytical

solution for trajectory of a relativistic electron in an intense plane wave [30], on average,

all momentum components and electron energy are reduced by a same factor due to

radiation reaction. The angle between the particle momentum and the laser propagation

Final energy spread can be predicted analytically*

Quantum radiation reaction in head-on laser-electron beam interaction 13

in Eq. (14) are of the same order, which renders the equation unintegrable. However,

we can estimate an upper boundary for �F by assuming that at the central point of the

laser (at the point of peak intensity) the electron beam is close to the balance between

the drift and di↵usion, i.e. �2
M ⇡ (2.4/�[µm]) ⇥ 10�6�3

Ma0, where �M is the average

Lorentz factor of the electron beam in the central laser point. As �M is easy to calculate

(see [20, 25, 52, 53, 54]), we can retrieve an explicit expression for �M as a function of

laser intensity and duration, and initial electron energy. Beyond this point, the energy

spread slowly decreases, and the final electron energy spread �F is smaller than �M .

This yields

�2
F . 1.455⇥ 10�4

p
I22

�3
0

(1 + 6.12⇥ 10�5�0 I22 ⌧0[fs])
3 , (17)

where I22 = I [1022 W/cm2] and a0 = 0.855
p

I[1018 W/cm2]�[µm] for linear polarisation

and a0 = 0.855
p

I[1018 W/cm2]�[µm]/
p

2 for circular polarisation. It is worth noting

that the result presented in Eq. (17) does not depend on the laser polarisation, but

solely on intensity and duration.

Figure 6 a), b) shows the estimate given by Eq. (17) compared with the simulation

results. Even though the lasers in our simulations are not Gaussian, we obtain a

satisfactory agreement for the same ⌧fwhm. Panels c) and d) show the predictions for the

final energy spread according to Eq. (17) for electron beams starting at di↵erent initial

energies after interacting with a 30 fs and a 100 fs laser of 2 ⇥ 1021 W/cm2 intensity.

These laser durations are to be available in the near-future laser facilities such as ELI

[1], so there is a possibility to verify this model in the next few years.

4. Electron beam divergence

In addition to the electron energy spread, we can also evaluate the impact of the laser

interaction on the electron beam divergence. We define the weighted average of the

deflection angle from the main propagation direction as

tan ✓ =

PN
i=1 qi

⇣
p?
pk

⌘

iPN
i=1 qi

, (18)

where N is the total number of simulation particles, qi is the charge weight of the i-

th particle, and (p?/pk)i is the ratio of the transverse to the longitudinal momentum

with respect to the direction of laser propagation. For small angles, tan ✓ ' ✓, and the

average divergence shown in Fig. 7 is determined with this approximation (the error is

less than 1 mrad).

Figure 7 shows the evolution of the electron bunch divergence as time progresses.

Classically, the radiation reaction leads to momentum phasespace contraction
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solution for trajectory of a relativistic electron in an intense plane wave [30], on average,

all momentum components and electron energy are reduced by a same factor due to
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* M. Vranic et al., NJP 18, 073035 (2016)
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A large amount of beam energy can be converted to high-frequency photons (hard X-rays and Gamma-rays)

Parameters similar to SFQED experiment planned at FACET-II

Photon source properties

‣ divergence  < 1 mrad 

‣ tunable energy range       
( cutoff > 1 GeV )

‣ possible to attain very high 
energies ( ~10 GeV ) 

‣ Energy conversion ~ 40% 

10 GeV e- beam
Laser I = 1020 W/cm2
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Different beam shapes and sizes lead to different number of pairs

Wide electron beamSingle electron

Thin electron beam Short electron beam (any size)

Optimal laser focusing for positron production in laser-electron scattering 6

even a point-particle interaction with a Gaussian beam is not equivalent with a plane

wave approximation unless the particle is in perfect temporal synchronization with the

laser pulse.

Once the particle distribution in equation (2) is calculated, we can extract field

moments 〈a0,effk〉 =
∫

a0,effk dN/da0,eff da0,eff, which can for example be used to calculate

the average laser intensity [37].

b) Wide beam

x

z
y

d) Short beam

x

z
y

c) Thin beam

x

z
y

a) Single electron

x

z
y

Figure 3: Scattering with nontrivial electron beam shapes. a) A single electron-laser

interaction equivalent to electron colliding with a plane wave packet (L # zR,

R # W0). b) Interaction with a long and wide electron beam (L ! zR, R $ W0). c)

Interaction with a pencil-like thin electron beam (R # W0). d) Interaction with a

short electron beam ( L # zR).

4. Wide beam

As a first application of the ideas presented in the last section, let us consider the case

of the scattering between a focused Gaussian laser pulse and a wide electron beam. The

spatio-temporal intensity distribution of a Gaussian laser is characterized by the peak

vector potential a0, the laser wavelength λ and the Rayleigh-range zR = πW 2
0 /λ, where

W0 is the transverse spot size. The effective vector potential has the following spatial

dependence a0,eff =
(

a0/
√

1 + (z/zR)2
)

exp (−(ρ2/W 2
0 )/(1 + (z/zR)2)), where z is the

distance from the focal plane and ρ is the distance from the laser propagation axis. Our

definition of ”a wide beam” is that the beam radius is much larger than the laser focal
spot W0. The gradient of a0,eff can be written as ||∇a0,eff|| = |∂a0,eff/∂ρ|

√

1 + (∂ρ/∂z)2,

where |∂a0,eff/∂ρ| = 2ρ a0,eff/(W 2
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Analytical model can predict 
the number of pairs for non-

ideal spatio temporal 
syncronization and realistic 

beams*

Effective laser intensity of interaction is reduced for non-ideal beams

* O. Amaro and M. Vranic, NJP 23, 115001 (2021)



Creating an e+e- beam from laser - e- scattering at 90o

1. LWFA electrons collide with the laser;  pairs 
are produced in the highest field region 

2. E+e- beam is accelerated by the laser in 
vacuum 

3. Laser defocuses leaving some particles 
accelerated

Time =   688.00 [ 1 / t p ]

positron

1
2

3
electrons
positrons

Pair creation and acceleration are 
decoupled!

  M. Vranic et. al., Sci. Rep. 8, 4702 (2018)
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Electrons and positrons can be further accelerated in a plasma channel

A resonance between plasma background fields and the intense laser fields accelerates leptons

The mechanism is called direct laser 
acceleration (DLA).

M. Jirka et. al., NJP, 22 083058 (2020)
B. Martinez et al., to be submitted (2022)

New J. Phys. 22 (2020) 083058 M Jirka et al

Figure 1. Simulation setup: an intense laser pulse accelerates an electron in a cylindrically symmetric plasma channel.

direction and the fields are given by EL = E0 sin φ ŷ, BL = B0 sin φ ẑ, where E0 and B0 are the amplitudes
of the electric and magnetic field and φ is the phase of the wave. The phase velocity of the laser is assumed
to be equal to the speed of light c, which is justified by the low plasma density and high laser intensity (this
is verified in section 2).

The electromagnetic field experienced by the electron is the combination of the laser field and the fields
emerging due to the displacement of plasma electrons in the channel (channel fields) [7]. These
self-generated quasi-static channel fields are the radial electric field and the azimuthal magnetic field

EC = f
meω2

p

2e
r, BC = (1 − f )

meω2
p

2ec
r × v, (1)

where r = yŷ + zẑ is perpendicular to the channel axis and v = vx̂ is the velocity of the flow. The numerical
factor f depends on the fraction of electrons within the plasma channel and takes values between 0 ! f ! 1
[17–19, 21, 26, 29]. The transversely expelled electrons generate the radial electric field, while electrons
accelerated forward within the channel form a current that generates the azimuthal magnetic field. Usually,
the higher the background plasma density, the lower the value of f [44]. In other words, the channel fields
are linearly dependent on a radial distance from the channel axis, but the electric field EC and the magnetic
field BC do not necessarily have the same magnitude. The total electromagnetic field experienced by the
electron is then given by

E = EL + EC, B = BL + BC. (2)

The field structure defined in equation (2) induces electron oscillations due to the laser field as well as
betatron oscillations at the same time. The background plasma density np affects the electron motion since
the magnitude of the self-generated channel fields is proportional to the plasma frequency:
ω2

p = 4πe2np/me. We, therefore, expect DLA to be sensitive to the initial conditions of the electron, the
intensity of the laser pulse and the density within the plasma channel.

Without RR, the electron motion in the channel is only governed by the Lorentz force:

dp
dt

= −e

(
E +

p
γmec

× B
)

, (3)

where γ =
√

1 + (|p|/mec)2 is the relativistic Lorentz factor and p is the electron momentum. For particles
propagating in the positive x-direction, both EC and BC contribute in a similar manner: they provide a
restoring force that pushes electrons towards the channel axis. In fact, the value of the numerical factor f
from equation (1) is not important because the restoring force is actually proportional to |EC| + |BC|.

From the Hamiltonian of the electron, one obtains an integral of motion I. For a particle that is initially
in the (x, y) plane with z = 0, the integral of motion can be written as [18]

I = γ − px

mec
+

ω2
py2

4c2
, (4)

where px is the component of the electron momentum in the direction of wave propagation. For a better
intuitive understanding, it is useful to note that the first two terms of the integral of motion are the same as
for the particle interacting with a plane wave in vacuum, while the third term accounts for the transverse

3

Advantage: this scheme can 
accelerate electrons and positrons in 

the same direction! 
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Standing wave configurations for QED cascades

Laser 1 Laser 2

                     Linear                               Double clockwise                    Clockwise-anti clockwise
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A.R Bell and J. G Kirk PRL, 101, 200403 (2008); M. A Fedotov et al. PRL 105, 080402 (2010)
E.N Nerush et al., 106  035201, PRL (2011); T. Grismayer et al., POP 23, 056706 (2016)

Pairs can get re-accelearted and initiate a new cycle of gamma-ray emission and pair production
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Positrons from a hydrogen ice target

Target parameters

initial n =10 nc
1 μm thickness

Laser parameters

I ~ 1024 W/cm2 
30 fs, 1 μm wavelength

M. Vranic et al., POP 26, 053103 (2019)

 positron
 photon
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Macroparticle merging algorithm

PIC cell

Merging cell

PIC 
particles

Calculate the number of merging 
cells and their size

Calculate the number of particles 
within each merging cell

Find the pmin and pmax of the particles 
in every merging cell
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Macroparticle merging algorithm

px

pz Δpx
Δpy

Δpz

PIC cell

Merging cell

PIC 
particles

Particles close 
‣ in real space
‣ in momentum 

space 

Calculate the number of merging 
cells and their size

Calculate the number of particles 
within each merging cell

Find the pmin and pmax of the particles 
in every merging cell

Bin the momentum space

Distribute the particles of every 
merging cell in its momentum bins 

M. Vranic et al, CPC 2015
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Macroparticle merging algorithm

Calculate the total weight, momentum, 
energy in every momentum bin

Merge the particles in every 
momentum bin into 2 new particles

Remove all the former particles

px

pz Δpx
Δpy

Δpz

all the significant quantities. Let us assume that there exists a particle that
would conserve wt, ~pt and ✏t. The weight wn, momentum ~pn and energy ✏n
of such new particle would then be:

wn = wt , ~pn =
~pt
wt

, ✏n =
✏t
wt

(2)

Such a particle would also need to satisfy also an energy-momentum relation
that in normalised units for electrons takes the form ✏2n = || ~pn||2 + 1 and for
photons ✏n = || ~pn||.

A simple example that illustrates a situation where this is not satisfied
is when initially we have only two particles in the momentum cell that have
exactly the same weight w and energy ✏, but opposite non-zero momentum
vectors ~p and �~p. Here, the ~pt = 0 which gives also ~pn = 0, wn = wt = 2w
and ✏t = 2w✏ which gives ✏n = ✏. If our particles are photons, the energy-
momentum relation is not valid for the new particle because ✏ = ||~p|| > 0
so ✏n > || ~pn|| = 0. Similarly, for electrons ✏ =

p
||~p||2 + 1 > 1, hence

✏n >
p
|| ~pn||+ 1 = 1.

The previous example shows that merging into one macro particle would
not always allow to locally conserve all the quantities we are interested in.
However, if we would initialise two macro particles instead of 1, this is not
the case. Let us consider macro particles a and b with wa, ~pa, ✏a and wb, ~pb,
✏b. To conserve the weight, momentum and energy they have to satisfy the
following relations:

wt = wa + wb ,

~pt = wa~pa + wb~pb , (3)

✏t = wa✏a + wb✏b .

Besides eqs. (3), there are two more energy-momentum relations to be sat-
isfied

for photons : ✏a = pa , ✏b = pb ; (4)

and for electrons : ✏2a = p2a + 1 , ✏2b = p2b + 1 . (5)

This makes for a system of 7 scalar equations to be satisfied by the right
choice of 10 scalar variables. We can take that wa = wb = wt/2 and that
✏a = ✏b = ✏t/wt. From (3) we then get

~pa + ~pb =
2~pt
wt

. (6)

4

Equations to satisfy

PIC cell

Merging cell

PIC 
particles

Particles close 
‣ in real space
‣ in momentum 

space 

Calculate the number of merging 
cells and their size

Calculate the number of particles 
within each merging cell

Find the pmin and pmax of the particles 
in every merging cell

Bin the momentum space

Distribute the particles of every 
merging cell in its momentum bins 
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Example: cascade simulation
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➡ two colliding lasers
➡ a0 = 1000, λ = 1 um
➡ τ = 32 fs,  W0 = 3.2 um

Same results, 30x faster sim,  
100x fewer particles in the end

M. Vranic et al, CPC 2015
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The physics must not be affected by the coalescence of particles
Moments of the distribution functions are recovered even with several orders of magnitude differences in particle weights
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72 M. Vranic et al. / Computer Physics Communications 191 (2015) 65–73

Fig. 7. Cascade. (a) Energy conservation. The energy transfers from the lasers to the electrons and positrons as they get accelerated; later, some of this energy is converted to
photons through radiation emission. The inset shows a small label of laser absorption. (b) Number of particles with andwithout merging, and equivalent number of particles
with merging.

Fig. 8. Cascade (top to bottom): particle distributions in longitudinal momenta, transverse momenta and energy; weight distribution as compared with the initial weight.
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With currently available targets, we could transfer 
more than 50% of energy to gamma-rays

We get ~ a pair per interacting particle at a0=500

* M. Vranic et al., POP 26, 053103 (2019)

Conversion to gamma-rays in a 10 nc, 1 um thick target
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QED cascades with multiple laser pulses

M Vranic et al

7

Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in !gure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar con!gurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such con!gura-
tions maximise the value of the peak electric !eld, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric !eld. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric !eld, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in con!gurations A, B and C that can cause another 
con!guration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
ef!cient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identi!ed as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade con!gurations with linearly 
polarised lasers A–C displayed in !gure 1, the de!nitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric !eld is maximum at the same time for all comp-
onents of the resulting standing wave. The bene!t of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modi!ed 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the !eld of linearly 
polarised laser pulses. Several models exist for cascades in 
the !elds of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric !eld); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each con"guration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
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tivistic critical density regions, the lasers are almost fully 
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amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
"gure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion ef"ciency as a function of the laser inten-
sity is shown in "gure 6(a) for Setup B, that is the most ef"-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in "gure  6(b). The 
laser-to-photon energy conversion is more ef"cient in the four 
laser con"guration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in "gure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion ef"ciency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in !gure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar con!gurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such con!gura-
tions maximise the value of the peak electric !eld, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric !eld. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric !eld, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in con!gurations A, B and C that can cause another 
con!guration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
ef!cient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identi!ed as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade con!gurations with linearly 
polarised lasers A–C displayed in !gure 1, the de!nitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric !eld is maximum at the same time for all comp-
onents of the resulting standing wave. The bene!t of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modi!ed 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the !eld of linearly 
polarised laser pulses. Several models exist for cascades in 
the !elds of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric !eld); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.

Plasma Phys. Control. Fusion 59 (2017) 014040
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Enough plasma is produced to disrupt the 2D standing wave

“In plane” - vortex electric field structure

Marija Vranic | APS DPP 2015, Savannah | November 18th, 2015 

Electric field lines  and 
plasma  density for 
a0=800

Captured in the loops, particles 
efficiently accelerate and radiate 
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Electric field lines  and 
plasma  density for 
a0=800

Captured in the loops, particles 
efficiently accelerate and radiate 
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Laser energy efficiently converted to hard photons

� All 25 % of energy goes into photons 
above 100 MeV
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Efficient energy converter (~75% to   -rays)�
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All photons Above 100 MeV

25% went  to these photons

Fraction of total laser energy converted to 
photons

Angularly resolved freq. spectrum

Efficient energy converter (~75% to   -rays)

Marija Vranić | Lisbon,  20th May 2016 | EPP talk

Energy converted into gamma rays (single 
photon energy > 2 MeV)

Angle - dependent frequency spectrum
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Energy converted into gamma rays (single 
photon energy > 2 MeV)

Angle - dependent frequency spectrum
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Photons above 100 MeV (25 %)
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Classical vs. quantum radiation reaction can be studied in future experiments. Especially 
interesting is crossing the quantum threshold in the radiation-dominated regime. 

Numerical simulations at the extreme regime require different models and higher 
resolution (especially a smaller timestep).

Conclusions

Electron-positron pairs can be created and accelerated in a single stage by scattering an 
electron beam with a laser at 90 degrees, and accelerating in vacuum or in a plasma. 

QED cascades can create abundant plasma and lead to an efficient energy transfer from the 
laser into gamma-rays. 

Experiment at FACET II will be able to create some pairs and show ~ 40 % energy loss on 
the electrons. 
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 A look into the future

Exotic physics at the extreme

Quantum computing for plasmas

Particle and radiation sources

High - performance computing

xy

z
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Emitted radiation with quantum corrections
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Recent experiments show slowdown

Experimental setup*

Experimental Results*

Wakefield electron beam ~ GeV

Intense scattering laser  I > 1020 W/cm2

Evidence of energy loss 30%

How quantum?   # ~ 0.2

Agreement is found for the semiclassical 
correction of the Landau-Lifshitz equation

*K. Poder et al., PRX 8, 031004 (2018)  J. M. Cole et al., PRX 8, 011020 (2018)
Marija Vranic | PRACE Days | Paris, March 24, 2022

 


